Abstract. We initially obtain various relations and then establish necessary and sufficient condition for the integrability of screen distribution of a lightlike submanifold. We also establish necessary and sufficient condition for a lightlike submanifold to be totally geodesic.
Introduction
In the generalization from Riemannian to semi-Riemannian manifolds, the induced metric may be degenerate (lightlike) therefore there is a natural existence of lightlike submanifolds and for which the local and global geometry is completely different than non-degenerate case. In lightlike case the standard text book definitions do not make sense and one fails to use the theory of non-degenerate geometry in the usual way. The primary difference between the lightlike submanifolds and the non-degenerate submanifolds is that in the first case, the normal vector bundle intersects with the tangent bundle. Thus, the study of lightlike submanifolds becomes more difficult and different from the study of non-degenerate submanifolds. Moreover, the geometry of lightlike submanifolds is used in mathematical physics, in particular, in general relativity since lightlike submanifolds produce models of different types of horizons (event horizons, Cauchy's horizons, Kruskal's horizons). The universe can be represented as a four dimensional submanifold embedded in a (4 + n)-dimensional spacetime manifold. Lightlike hypersurfaces are also studied in the theory of electromagnetism [1] . Thus, large number of applications but limited information available, motivated us to do research on this subject matter. Kupeli [6] and Bejancu-Duggal [1] developed the general theory of degenerate (lightlike) submanifolds. They constructed a transversal vector bundle of lightlike submanifold and investigated vari-ous properties of these manifolds. This paper is organized as, in Section 2, we recall some basic definitions and formulas for lightlike submanifolds of semi-Riemannian manifolds. In Section 3, we obtain various relations and as an application establish necessary and sufficient condition for the integrability of screen distribution. Finally, a necessary and sufficient condition for a lightlike submanifold to be a totally geodesic is discussed.
Lightlike submanifolds
Let (M ,ḡ) be a real (m + n)-dimensional semi-Riemannian manifold of constant index q such that m, n ≥ 1, 1 ≤ q ≤ m + n − 1 and (M, g) be an m-dimensional submanifold ofM and g the induced metric ofḡ on M . Ifḡ is degenerate on the tangent bundle T M of M then M is called a lightlike submanifold ofM . For a degenerate metric g on M
is a degenerate n-dimensional subspace of T xM . Thus, both T x M and T x M ⊥ are degenerate orthogonal subspaces but no longer complementary. In this case, there exists a subspace Rad
defines a smooth distribution on M of rank r > 0 then the submanifold M ofM is called r-lightlike submanifold and Rad T M is called the radical distribution on M . Following are four possible cases:
For case (i), there exists a non-degenerate screen distribution S(T M ) which is complementary vector subbundle to Rad T M in T M . Therefore
For case (ii), we have Rad
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For case (iii), we have
For case (iv), we have
Let u be a local coordinate neighborhood of M and consider the local quasi-orthonormal fields of frames ofM along M , on u as
On the existence of above local quasi-orthonormal field of frames ofM along M we have
where {ξ 1 , . . . , ξ r } is a lightlike basis of Γ(Rad(T M )).
Let P be the projection of T M on S(T M ) with respect to (3). Then
Let∇ be the Levi-Civita connection onM . Then, according to the decomposition (5), the Gauss and Weingarten formulas are given bȳ
where {∇ X Y, A V X} and {h(X, Y ), ∇ ⊥ X V } belongs to Γ(T M ), Γ(tr(T M )), respectively. Here ∇ is a torsion-free linear connection on M , h is a symmetric bilinear form on Γ(T M ) which is called second fundamental form, A V is linear operators on M , known as shape operator.
According to (4) , consider the projection morphisms L and S of tr(T M ) on ltr(T M ) and S(T M ⊥ ) respectively. Then (12) and (13) become
As h l and h s are Γ(ltr(T M ))-valued and Γ(S(T M ⊥ )-valued respectively, therefore we call them the lightlike second fundamental form and the screen second fundamental form on M . In particular
where X ∈ Γ(T M ), N ∈ Γ(ltr(T M )) and W ∈ Γ(S(T M ⊥ )).
Now, if M is either co-isotropic or totally lightlike (S(T M ⊥ ) = 0), then (14) and (15) become∇
X Y = ∇ X Y + h l (X, Y ), (18)∇ X N = −A N X + D l X N.(19)
Using (14)-(19), (5)-(8), we obtain
for any ξ ∈ Γ(Rad T M ), W ∈ Γ(S(T M ⊥ )) and N, N ′ ∈ Γ(ltr(T M )). Now, we consider the decomposition (3), we can write
for any X, Y ∈ Γ(T M ) and ξ ∈ Γ(Rad T M ), where {∇ * X P Y, A * ξ X} and {h * (X, P Y ), ∇ * ⊥ X ξ} belong to Γ(S(T M )) and Γ(Rad T M ) respectively. Here ∇ * and ∇ * ⊥ X are linear connections on S(T M ) and Rad T M respectively. By using (14)-(15), (23)-(24) we obtain
for any X, Y ∈ Γ(T M ) and ξ ∈ Γ(Rad T M ) and N ∈ Γ(ltr(T M )). Replace Y by ξ in (21), we have
Replace X by ξ in (25) and then using (27) we obtain (28) A * ξ ξ = 0.
Properties of lightlike submanifolds
Consider a coordinate neighborhood u of M and {N i , W α } be the basis of (14), (16) and (17) become
and
where ǫ α is signature of W α .
where
Using (39) in (20) we obtain
Replace Y = ξ j in (40), we obtain
. Now from (29) and taking account of (9) we have
, since∇ is metric connection so as a consequence of (43) we obtain
By the basis {ξ i } of Γ(Rad T M | u ), (23) and (24) become
and (48)
. Using (25) and (47) we have
from (26) we have (14), (16), (24), (33) and (49) we have
Hence (48) becomes
From (43) and (51), we get
With the help of above equations, now we will investigate the integrability of the screen distribution. Since ∇ is a torsion-free linear connection, by using (11), (23) and (53),we obtain
Taking the scalar product with N k , k = 1, . . . , r, we obtain
using (10) and (11) in (58), we obtain
Thus from (60), we have the following theorem 
